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Abstract

In previous work n-symplectic geometry on the adapted frame bundle A\ : L, F — FE
of an n = (m + k)-dimensional fiber bundle 7 : E — M has been used to forumulate
covariant Lagrangian field theory that is standardly formulated on the bundle Jlz
of 1 jets of sections of 7. In this paper we set up an n-symplectic Hamilton-Jacobi
equation in order to identify the analogue of a polarization that plays an important
role in geometric quantization theory. We find that a local solution of the n-symplectic
H-J equation yields a locally defined H = GL(m) x GL(k) subbundle of L, E. This
suggests that the gobal structure on L,FE that is generated by local solutions of the
Hamilton-Jacobi equations is a foliation of L;FE by H subbundles. Such a foliation of

L, FE is shown to exist for the k-tuple of scalar fields on Minkowski spacetime.
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I Introduction

The n-symplectic formulation of covariant Lagrangian field theory was developed in two
recent publications. In [6] it was shown that a Lagrangian field theory on the bundle of 1-
jets J'7 of sections of m : E — M lifts in a natural way to an H = GL(m) x GL(k) principal
bundle p : L,E — J'm, where m = dim(M) and dim(FE) = n = m + k. One can then use
the lifted Lagrangian to define an n-symplectic structure, the Cartan-Hamilton-Poincare n-
symplectic structure. The algebra of observables defined by this n-symplectic structure was
discussed in [10], together with a generalized Legendre transformation. Given this structure
one can seek to generalize the Kostant-Souriau [4, 13] theory to a geometric quantization
theory of fields based on the n-symplectic formalism. To do this one must generalize the
concept of polarization of a symplectic manifold to the n-symplectic setting, and that is the
subject of this paper.

On any bundle of linear frames LE of an n-dimensional manifold £ there is a canonical
R™ - valued 1-form, the soldering 1-form 6, that in n-symplectic geometry plays the role
of a canonically defined generalized symplectic potential. The manifold (LE, dé) is then an
n-symplectic manifold. The reader is referred to the literature [3, 5, 6, 8, 9, 10] for the details
of the resulting geometry. When F is a fiber bundle 7 : E — M over a manifold M the
fiber structure on F gives rise to a reduction of LE to a certain subbundle, the bundle of
adapted linear frames L, E [5] . The convention we use is that a frame (p, ey, ea, ..., €mik)
is in L, FE if the last k£ vectors in the frame are vertical with respect to m. The n-symplectic
geometry on LFE restricts to L, E to define an n-symplectic geometry with a restricted class
of observables. In [6] it was shown that the rank 1 observables of the canonical n-symplectic
geometry on L, FE are kinematical in nature in that they represent variational vector fields.

In order to tie the geometry to the physics and to find dynamical algebras of observables
McLean and Norris introduced a modified n-symplectic geometry on L,FE based on a La-
grangian defined on J'7. The structure of L,E is such that it is an H = GL(m) x GL(k)
principal bundle p : L,E — J'w. A Lagrangian £ on J'm then lifts under the projection
p to define a Lagrangian L = p*(£) on L,E. McLean and Norris then defined the Cartan-
Hamilton-Poincaré (CHP) 1-forms 0, (see equations (I11.4) and (II1.5) below). It is known [6]



that when L is non-zero the bundle (L, E,dfy) is an n-symplectic manifold. In [10] a reduc-
tion method was used to identify the observables defined by this n-symplectic structure. In
this paper we take another step toward a geometric quantization theory of fields and seek
to identify the analogue of a polarization that plays a central in the Kostant-Souriau [4, 13]
theory. Presumably the analogue of a polarization will be of fundamental importance in a
generalization based on n-symplectic geometry. The problem of defining a polarization of
L. FE is non-trivial in that on L, E the fiber dimension and the base space dimension are
not equal as is the case on the canonical symplectic manifold 7*M. To find an analogue we
formulate an n-symplectic Hamilton-Jacobi equation, and by analogy with standard theory
assume that a local solution of this equation will be a generating function for an n-symplectic
polarization. The formulation of the n-symplectic Hamilton-Jacobi equation will involve a
section o : £ — J'm, and here we will assume that we can find a global solution, leaving
aside for future work the questions and implications regarding the existence of such global
sections.

The structure of the paper is as follows. In section 2 we give a brief description of L, F,
including two important sets of coordinates, momentum coordinates and Lagrangian coor-
dinates. The Lagrangian coordinates will be seen to be naturally adapted to the bundle
p: L:E — J'm. In section 3 we briefly review the n-symplectic struture on L,E defined
by a Lagrangian on J'm, and review the n-symplectic Legendre transformation from L,E
to the momentum phase space (). It will turn out that a local solution of the n-symplectic
Hamilton-Jacobi equations will define a section of the bundle @);, — E. In section 4 we for-
mulate the n-symplectic Hamilton-Jacobi equation, and show that this generalized equation
contains both a Hamilton-Jacobi equation of the Cartheodory-Rund [1, 11] type together
with a generalized canonical equation. Solutions of the generalized equation depend on a
parameter 7(m) where m is the dimension of the base manifold M. With special choices
of the parameter solutions will also be solutions of the Cartheodory-Rund [1, 11] or de
Donder-Weyl [2, 15] equations.

In section 5 we examine the local solutions of the n-symplectic Hamilton-Jacobi theory
and show that such solutions define H subbundles of both @)1, and L, E. We propose then that

the global structure on L, E that plays the role of an n-symplectic polarization is a foliation



of L,E by H subbundles. The n-symplectic canonically conjugate variables on these H
subbundles are (74, S'ﬁ), where 7, are the momentum coordinates, and S* are solutions of
the n-symplectic Hamilton-Jacobi equations. As an example we apply the theory in section 6
to the n-tuple of scalar fields on Minkowski spacetime. Assuming a generic potential function
in such a Lagrangian, the n-symplectic Hamilton-Jacobi equations are consistent if and only
if the scalar fields are massless. In this trivial bundle setting we obtain a complete integral
of the Hamilton-Jacobi equation, with the H-subbundles parameterized by the intial values

of the field velocities. Section 7 contains a brief summary and discussion of the results, and

a few facts about n-symplectic geometry are collected together in the appendix in section 8.

II The Canonical n-symplectic structure on L, FE

On LE there exists the canonically defined R™**-valued soldering 1-form 6 = 0“7, where

(7) denotes the standard basis of R™**. If X is a tangent vector to LE at u = (e, e,) then
0,(X) = e*(A(X))7q (IL.1)

where (e) denotes the coframe dual to the frame (e,) and A : LE' — FE is the projection.

To see the significance of the soldering 1-forms (6%) = (6%, 64) in the field theory setting
we introduce canonical coordinates. Let (%) = (2%, y4) denote local coordinates on E, where
(z%) are local coordinates on M, and (y*) are fiber coordinates on E. Then these coordinates
define local canonical coordinates [6] (2, 7)) on LE by the formulas

2%u) = 2% o Nu) ™ (u) :e“(ai) , VuelLE
ZV

where we are thus using the same notation for the horizontal coordinates as we use for the

base space coordinates. In these coordinates the soldering 1-forms have the canonical form
0" = ngzﬁ

Upon restricting the soldering 1-forms to the subbundle L, FE and switching to Lagrangian

coordinates (x*,y*, u}, u, u') (see the appendix) we find that the (6%,0") take the special



forms

0 = uldd! (I1.2)

04 = ud(dy? — ulda®) (I1.3)

where (u}) and (uf) are non-singular matrix-valued functions on L, E, and uj} = p*(yf) with
yB the local velocity coordinates on J'w. These formulas show that the contact structure
(see references ([12]) and [6]) of J 7 is unified in the soldering 1-form 6 on L, E.

In the n-symplectic theory the vector-valued 1-form 0 := 0~ ® 7, is considered as a
generalization of the canonical symplectic potential p;dg® on T*E. The closed vector-valued
2-form df is also nondegenerate in the sense that X _| df =0 < X = 0. These ideas led to
the following definition [8] :

Definition I1.1 The pair (LE, dé) is an n-symplectic manifold.

The observables associated with this canonical n-symplectic structure on LFE split up
into two disjoint sets, namely a Poisson algebra of symmetric @ R"-valued functions and a
graded Poisson algebra of anti-symmetric ®”R"-valued functions. In the symmetric case the
observables are, in local canonical coordinates, polynomials in the n-symplectic momentum
coordinates with coefficients that are constant on the fibers of LE. In the anti-symmetric case
the observables are, in local canonical coordinates, Grassman polynomials in the momenta.
The homogeneous polynomials in both cases correspond to contravariant tensor fields on M,
and the n-symplectic Poisson brackets when restricted to this subset of n-symplectic observ-
ables are known [9] to be the frame bundle version of the Schouten-Nijenhuis brackets [14, 7].
The reader is referred to the literature [9] for the details. However, the n-symplectic bracket
contains more than the Schouten-Nijenhuis bracket, and this difference and its implications

are discussed in section 7.



IIT1 The Modified n-symplectic Structure Defined by a
Lagrangian L

In reference [6] it is shown that L. FE is a principal H = GL(m) x GL(k) bundle over the
bundle J'7 of 1-jets of sections of 7. Letting p : L,E — J'm denote the projection, one can

define the CHP 1-forms 6f on L, E by the formulas

0i = TLO"+ E3(L)64 (I11.4)

0 = 04 (I11.5)

where 7 = 7(m) is a positive constant depending on the dimension m of the base manifold M,
and E% denotes the fundamental vertical vector field on L. E corresponding to the element
E'y in the standard basis (E§) of gl(n). Local coordinate formulas for these fundamental
vertical vector fields are given in the appendix. For different values of 7 one can obtain the
de Donder-Weyl theory [2, 15] and the Caratheodory-Rund theory [1, 11] as special cases of
the formalism presented in reference [6]. MacLean and Norris [6] also proved the one may
easily construct the CHP m-form on J'z from the CHP 1-forms on L, E.

One can define this modified soldering 1-form using a frame bundle version of the
Legendre transformation [6]. Given a Lagrangian L : L,E — R we obtain a mapping
¢ : L. F — LFE given by

on(u) = gr(e, e, eq) = <e, TL;@L)Q’ ea — T%MEZ“(L)(U)ea) (I11.6)

This mapping is well-defined provided the Lagrangian is non-zero, and for the rest of this
paper we will assume this condition. This mapping is as the n-symplectic Legendre transfor-
mation. In reference [10] it is shown that 0, on L,E and § on Qy, are related as one might

expect by the formula

. = 1.(0) (I1L7)

We note that the CHP 1-forms given in (III.4) and (II1.5) above can be expressed, using



the Lagrangian coordinates defined in the appendix, in the form

0" = u(—Hida" + phdy®) (I11.8)

04 = up(—upda® + dyP) (II1.9)

where we have introduced the definitions

i i i i oL
H; = pAu;4 —7Ld; Pat=573 (III.10)

Using the additional definitions
o) _Hf plz a\ U;ﬂ 0
(hﬂ) - ( _uf 58 ) ((Au)g> =\l o wf (IT1.11)

equations (IIL1.8) and (II1.9) can be written in the following compact form:
0f = ((Au)§)hldz" (I11.12)

For later reference we note here that when L # 0 the matrix (h§) has an inverse given by

-a 1 5;? —pl —1\E a, E E
((h )5) ~ L\ B —(hHE ) (h™")4 = phu, — 7L, (II1.13)
J

The matrix ((Au)F) in (II1.12) transforms [6] under the group H of the bundle p : L, E — J'm
while the second factor (h§) is H-invariant. We will use these facts in the next section to
set up a generalized Hamilton-Jacobi equation that will bring the modified n-symplectic
potential to canonical form.

In [10] it was shown that if the lifted Lagrangian is non-zero, then (L,E,dfL) is an n-
symplectic manifold, and that ¢y, is a diffeomorphism onto its image @)1, C LE. Hence @y,

is a natural candidate for the momentum phase space of fields.

IV  The n-symplectic Hamilton-Jacobi Equation

In symplectic geometry a local solution of the Hamilton-Jacobi equation on T*M plays the
role of a generating function for a polarization of T*M [16] . Here we seek an n-symplectic
analogue of such a polarization. The problem of defining a polarization of L, F is non-trivial

in that on L,FE the fiber dimension and the base space dimension are not equal as is the
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case on T*M. To find the form of n-symplectic polarizations we formulate an n-symplectic
Hamilton-Jacobi type equation. Local solutions of this equation should then generate the
polarizations of L, F that we are seeking.

We seek sections o : E — J'mr that satisfy the equations

o= (25) -

for some m + k functions S* defined on open subsets of FE. This set of equations is the
H-invariant form of the generalized Hamilton-Jacobi equations proposed in [6].

For convenience we will denote with an over-tilde objects on J'7 pulled back to E using

0. Thus, for example, 7‘2; =H! oo and p)y = p’y 0. Then we get from (IIL.11) and (IV.14)

the equations

. oS 0

(a) " = =5 () 7= 57 (1V.15)
) 954 . 084

() @) = —Z=. (b) 5’%:@ (IV.16)

Notice that equation (IV.14) makes sense because hj is H invariant and passes to the quotient
Jim = L.E/H. We will shortly use such a section to define H subbundles of L, FE.
Consider first equations (IV.16), the second of which implies that

SA =y — A (2) (IV.17)

in terms of a new set of functions ¢4 (z?). Substitution of this result into the first of equations

(IV.16) yields

N o4

so that the section o : E — J'm is holonomic and determines a section p — (z(p), v (p))
of m: E— M.
Turning next to equations (IV.15) we note that H} = phu? — 716} and py = % are

functions of the coordinates ¢, y*, and u#, so that H;- can be considered as a function of z°

and y. Hence equations (IV.15) can be combined into the single equation

. L 9s o5
H (xa,meA _ W) - (IV.19)




This equation is clearly a generalized Hamiton-Jacobi equation and is similar to the Hamilton-
Jacobi equations in the Caratheodory-Rund [1, 11] and de Donder-Weyl [2; 15] canonical

theories.

Theorem IV.1 Suppose that the section o : E — J'm satisfies equation (IV.14). Then o
defines on U C M a section ¢ : U — E. Moreover the locally defined functions (S*, S4) are
such that:

1. The functions S? are given by S4 = y* — A (z%)

2. The functions S* and ? satisfy

(a) the generalized Hamilton-Jacobi equation ﬁ;(xa,yE,uf = %7’1’75, G = 35;) = —gf;
. . . OH? -
(b) the generalized canonical equations (ﬁ) = — (2’;?) .

Proof

The integrability conditions of equation (IV.14) are
ohg Ohe
8 Iz
— =0 V.20
( Ozt ) ( 02P ) ( )
This equation splits up into six sets of equations:
OH OH:
j k
= — : V.21
( Oxk ) ( OxJ ) ( )

OH: op’
0 = — (Wj) — (&Tﬁ) (TV.22)

- ()3
0 — %j _ % (IV.24)
0 = g%j - % (IV.25)
0 = Z;Lé - g% (IV.26)




Equation (IV.26) is identically satisfied, while equations (IV.21) and (IV.23) - (IV.25) imply
equations (IV.17) - (IV.19), which yields part 1 and part 2-a of the theorem. Equation

(IV.22) is the generalized canonical equation, which is part 2-b of the theorem. H

Remark: We note that every solution of the the generalized canonical equations (2b) in
the theorem will also be a solution of the de Donder - Weyl equations [11]

OH  9p,y
dyA  Oxi

(IV.27)

when we put 7 = % This is because this equation is the trace of the uncontracted n-

oHy\ (0P,
(75) - (22) was

that appears in the above theorem, since the de Donder-Weyl Hamiltonian H is identically

symplectic equation

equal to the trace H! of the I:IJ’ when 7 = L. It is clear that the uncontracted equation is
more restrictive than the contracted equation. Solutions (S?, S4) serve to define the canonical
field variables (S’a,ﬁg) on L,E. All other observables will then be polynomials in the 7,
with coefficients that are functions of the variables S®. For this reason we shall refer to the
canonical variables (5’“, i) as basic states of the field. In the example we will examine the

basic states of the n-tuple of scalar fields on Minkowski spacetime.

V Canonical variables 7, and SP

In this paper we pursue the local theory and will consider the global theory in future work.
Accordingly let us assume that we have found a global section o : E — J'm together with
functions (5%, S4) defined locally on U C E and satisfying the above equations. For such a

section we define a subset B, C L, FE by the equation

B, is clearly an H bundle over the section o(FE), with projection mapping p|g,. By com-
position with the projection 7** : J'r — E we may think of B, as an H bundle over

UcCL.



It is not difficult to show that in fact the local solutions (S®) of the Hamilton-Jacobi
equation defines a local section of Q1. In fact if we denote this section by o1 : F — @1, then

it is not difficult to show from the definition of ¢, that

0 +aAi)— 0
ox’ LoyAl 98t

(d)L)*(

It then follows that B, = (¢1) '(01(F)) - H. We then let p:= (¢1) ! (01(E)).
On L, FE the CHP 1-forms 6! are given by

9{ = —W;Hid.ﬁlﬁk + W;:pf;dyA = Wj(—?‘(ida:k +p{4dyA) (V.29)

If we evaluate these 1-forms on the section p we find for u € u(E)

01 (u) = 7id S (V.30)
and
0:}(u) = 75dS” (V.31)
Then for each h € H we have
0i (u-h) = (h™1)i0F (u) = (h_l)}ﬁj’?(u)de = Wj(u)de (V.32)

since both #f, and 7} transform tensorially under the group H and w(u - h) = (h™")i 7% (u).

Similarly for #7!. Hence the restriction 61| of the modified n-symplectic potential 0y, is in

|5,

the canonical form (67|, ) = (7idS7, 73dS?) with respect to the coordinates (S, mf, 7j) on

B,. On B, we therefore have the following 2-forms:

d67

dr’ A dS (V.33)

|5,

do; driy A dSP (V.34)

|5,

déy | 5, is clearly closed and non-degenerate, so that (B, déy | 5,) 15 an n-symplectic manifold.
This implies that 7, = (7/#;, 757p) and S% = (S%;, S47,) are canonically conjuate pairs

of n-symplectic observables with respect to the modified n-symplectic form dfy). on B,.

|5,
In addition we know that the n-symplectic Hamiltonian vector field X;, determined by the

0

momentum coordinate 7; = 7rf r; is X;, = g If the integrability conditions of equations

10



n-symplectic canonical variables on B,

Conjugate variables Hamiltonian vector fields
Qi Qig : o 0 :
S* = S'; (nosumon i) | Xg = ~ 5 (no sum on 1)
N e _ 0 _ 1 o) ~A_0
T, =TT Xﬁi—asi—ﬁ<axi—|—ui 83/_‘4)
54 = §4i A) | Xga =22 A
= S%74 (nosum on A) | Xga = —57 (no sum on A)
A
~  __ _Ba _ 8 _ 1 =i 0 L—-1\B_90 |\ — _8 1~ d
TA=TATB Xiy = 597 = 7 <_pAa;,;i —(h )Aay_B> =908 — Paqs

Table 1: n-symplectic canonical variables

(IV.14) are satisfied then the functions (S*) define a new coordinate system on F, and we

have
0 ozk 0 oyB 0
051~ 0S ozk T 957 0yP (V:35)
Using (II1.13) for the matrix (gg;) we find
g0 1 O 4 0
Similarly we find
1 d
0 _ 9 D' (V.37)

DSA — oyA EpAdxi
The conjugate variables and their n-symplectic Hamiltonian vector fields are displayed in
Table 1.

~

The canonical commutation relations of the canonical variables (7., S*) on B, are [§]

{8°,8% =0, {fa s} =0, {£..59%} =075 (V.38)

Inspection of these relations revels that they divide into three sets:

(51,87 = 0, {m,7}=0, {7,8}=0r (V.39)
(84,58} = 0, {fa,75}=0, {7a, 8%} =0d5ip (V.40)
{81, 8 = 0, {m,7at=0, {74,585V =0, {7,8'1=0 (V.41)

11



Equations (V.39) are the m-symplectic equations for L(R™), while equations (V.40) are the
k-symplectic equations for L(R¥). Finally equations (V.41) show that the full algebra on B,

is a direct sum of these two algebras.

Theorem V.1 The n-symplectic algebra on B, defined in (V.38) is the direct sum of the

n-symplectic algebra on L(R™) with the k-symplectic algebra on L(RF). Symbolically we write
< 8% m >=< S'm >®< S > (V.42)

So far we have only considered the geometry associated with a single solution of the n-
symplectic Hamilton-Jacobi equation. If we can find what one would want to call a complete
integral of these equations, that is to say solutions that are parameterized by some initial
values of the fields, then we would have an H-subbundle of L, E for each initial condition. In
at least the simpliest models we would then obtain a foliation of L, E by H-subbundles, and
we take this foliation as the basic model of an n-symplectic polarization. In the next sedtion
we find this polarization for the simple case of an n-tuple of scalar fields on Minkowski

spacetime.

V1 Example: The k-tuple of scalar fields on Minkowski
spacetime

In this example we use the following strategy to solve the Hamilton-Jacobi-canonical equa-
tions (IV.14). We first solve the generalized canonical equation (IV.28) for a section of
m: E — M, and then substitute the section into equations (IV.15) and (IV.16) and solve
for the coordinate functions (5%, S). M denotes 4-dimensional Minkowski spacetime.

For the k-tuple of scalar fields we consider E as a vector bundle over M with standard
fiber the linear space R¥. We choose the general form of the Lagrangian for such a field to
be

1 ..
L= gnwaABu;‘uf — 12V (y™) + Lo (V1.43)

where 7% are the components of the Minkowski metric tensor in inertial coordinates (x%),
5AB

and are the components of the internal Euclidean metric in the fiber coordinates (y*).

12



The term V (y?) denotes a general potential function that depends only on the field coor-
dinates y#, and Ly is a positive constant added on to guarantee that the total Lagrangian
is positive. We consider this Lagrangian as defined on L,FE in the Lagrangian coordinates

A A

(2%, yA, u;'», ug,u; ), and rename it L. Assuming that the Hamilton-Jacobi equations are sat-

isfied we have the following expressions that derive from the Lagrangian:

4 ot

W= (V1.44)
Py = 0Pa (VI.45)
Hi = (0"a)(9;9*) — TLS! (VL.46)

The generalized canonical equations (IV.28) for this case are

Since there is no y* dependence on the left hand side of this equation both sides must vanish
separately. The vanishing of the right hand side yields p# = 0 so only massless scalar fields
are compatible with the n-symplectic Hamilton-Jacobi equation. The vanishing of the left
hand side of the equation implies 9;0;9* = 0. Hence ¢ = &'z* + k* where (¢) € R™**
and (k) € R* are constants.

As discussed above we know that the Hamilton-Jacobi functions S4 are given by S4 =
y? — 1”4, We now seek the functions S?, which are defined in equations (IV.15). Since d;1)*

are all constant , both 7—~l; and pY are also constants. Hence equations (IV.15) imply

St = —7:(3-17 + Pyt + ¢ (VI.48)
where 7:(3 = ¢ —7(5(6%) 4 Lo)d! and piy = €. Notice that we have found a ” complete inte-
gral” of the generalized Hamilton-Jacobi equation (IV.14) with the functions (S*) depending
on the parameters £4.

Let ¥y C R™** be the open subset of R™** defined by the non-zero condition L¢ # 0.
For each { € X, we obtain a corresponding section ¢ : E — J'r and an H-subbundle
ng C L. FE, and we set

Bs,, = Ugex, By, (VI.49)
We thus have a decomposition of the portion of L, E on which the Lagrangian is non-zero

into a disjoint union of H subbundles over F.
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VII Conclusions

In this paper we have identified, in the context of the n-symplectic theory, the analogue
of a polarization of a symplectic manifold. To do this we used the bundle p : L, F —
J'7 to lift a Lagrangian on J'm to a Lagrangian on L,E. We then could exploit the n-
symplectic structure defined by this Lagrangian. In particular we formulated an n-symplectic
Hamilton-Jacobi equation, and found that it contained both a classical Hamilton-Jacobi type
equation together with a generalized canonical equation. Local solutions of this equation
were shown to define H subbundles of L, FE, and hence led us to propose a foliation of L, F
by H subbundles as the choice of a real polarization in n-symplectic theory. The theory
was applied to the n-tuple of scalar fields on Minkowski spacetime. We found that the
n-symplectic Hamilton-Jacobi equation describes only massless scalar fields. In the trivial
bundle setting we were able to identify a complete integral for the Hamilton-Jacobi equation,
which led to a decomposition of the portion of L,E on which the Lagrangian is non-zero
into a disjoint union of H subbundles over F.

A few remarks are in order concerning the relationship of the n-symplectic brackets to
the brackets of Schouten [14] and Nijenhuis [7]. The full n-symplectic bracket is an extension
of the Schouten-Nijenhuis bracket [8, 9], as can be seen as follows. For p = 1 the allowable

Hamiltonian functions on LE decompose as [§]
HF' = T'(LE) ® C*(E,R")

where the second factor denotes functions on LE that are constant on fibers and hence
are lifts of R"-valued functions on E. The first factor T*(LE) denotes the set of R"-valued
"tensorial” functions that transform under the standard representation of GL(n) on R". Such
tensorial functions are in 1-1 correspondence with vector fields on E. If we write f ~ f X3
and g ~ §@®n for two such elements of T'(LE) ® C*(E,R"), then the n-symplectic bracket

of f and ¢ can be expressed as
(1.9t~ 130 (Fl&) - gm)

The term in square brackets on the right hand side is the Lie bracket of vector fields f and

—

g on E, and the piece f(£) — g(n) is the new piece that is not part of the definition of the

14



Schouten-Nijenhuis [14, 7] bracket. One might think that it would be sufficient to work with
the ”tensorial” part of HF!, but this is not correct, as the ”coordinate observables” live in
the C°°(E,R™) part of HF!. If one hopes to write down canonical commutation relations
that include the brackets of momenta and coordinates as is done in standard theory, then one
must include the extra factors in the bracket. More explicitly, suppose one has coordinates

(22, 7T5 )on LE. Then the n-symplectic momentum and coordinate variables are, respectively,
fo =705 € TYLE), 2 =2\ € C®(E,R") (nosum on \)
The n-symplectic brackets of these variables are [8]:
{Fartg} = {242} =0, {7, 2"} = 807g

and these brackets have the same general form as the canonical commutation (CC) relations
on, say, the cotangent bundle T*E. If one insists on using only the tensorial part of HF!
then one will not be able to obtain these commutation relations. One might try to put the

coordinate variables z* into the tensorial part using the locally defined "radius vector” R=

a0

< 0z

which corresponds to the tensorial piece R= 2*mP#5 € TY(LE), but as easily checked
these variables will not yield the correct CC-relations. Thus the n-symplectic brackets on LE
generalize in an important way the brackets for symmetric and antisymmetric contravariant

tensor fields discovered by Schouten and Nijenhuis.

VIII Appendix: The Vertically Adapted Linear Frame
Bundle L F

Let 7 : E— M be a fiber bundle where M is m-dimensional and E is n = m+ k-dimensional.
Lower case latin indices are assumed to range over 1...m, upper case latin indices over
m-+1...m+ k, and greek indices over 1...m + k. This convention will be used throughout
the paper.

An adapted frame at e € F is a frame where the last k basis vectors are vertical. Note that

coordinate frames that come from adapted coordinates are adapted frames. The adapted
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frame bundle of 7, denoted L. F, consists of all adapted frames for E.
L.E ={(e,{ei,ea}) : e € E,{e;,ea} is a basis for T,F, and d,m(es) =0}

The canonical projection, A : L,E — E, is defined by A(e, {e;,ea}) = e.
L.FE is a reduced subbundle of LE, the frame bundle of E (Lawson [5]). As such it
is a principal fiber bundle over E. Its structure group is G,, the nonsingular block lower

triangular matrices.
A 0 km
Gy = :Ae GL(m),B € GL(k),C e R
C B
G, acts on L. FE on the right by

eevead) (o ) = {le (e +eaCleatid))

If (2°,y?) are adapted coordinates on an open set U C E, then one may induce sev-

eral different coordinates on L,E. The coframe or n-symplectic momentum coordinates

(28, yA, mt, md w4) on A"H(U) are defined by, for u = (e, {e;,ea}) € L E,

y g g
. . , 0 0
r(u) = 2*(e) wi(w) = () i) = (5 p)
0
A A A A
y (u) =y~ (e) i (u) = e (55)
Here (e,e?) is the dual frame to (e;,e4). We have as is customary retained the same

symbols for the induced horizontal coordinates. The symbol that is missing from the above
list, namely 7%, defined in te obvious way, vanishes identically on L, FE.
The frame or n-symplectic velocity coordinates (x¢, y#, v, v v3) on A=Y (U) are defined

Y ]7 Vi Y
by, for u = (e,{e;,ea}) € L. FE,

The v coordinates, viewed together as a block triangular matrix, form the inverse of the 7

coordinates above. The blocks have the following relations:
vjvri =0 vfﬂi +vgme =0 VTS = 0
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One may construct from the previous two coordinate systems a third important system.

Define (2%, y#, u?, u?, us) on A=H(U) by

y Qi g
z'(u) = z'(e) uy = uf = ’UZAﬂ';- = —Ugﬂf
y*(u) =y (e) up =g

It is shown in reference [6] that the u;-‘ coordinates are pull-ups of the standard jet coordinates
on J'm. As such, we will refer to these coordinates as Lagrangian coordinates.
We need the following formulas for the fundamental vertical vector fields E3* on Ly E in

Lagrangian coordinates.

*1 ) 0 *A A d *1 i, B 9
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